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Abstract

We study a critical behaviour of systems dominated by Coulombic interaction.
For this purpose we use the method of collective variables with a reference
system. Starting from the Hamiltonian of the restricted primitive model (RPM),
the simplest model of ionic fluids, we obtain a functional of the grand partition
function given in terms of the two types of collective variable describing
fluctuations of the total number density and the charge density, respectively.
As the result of integration over the charge density variables, a microscopic
based effective Hamiltonian of the RPM in the vicinity of its gas—liquid critical
point is constructed. Coefficients of the effective Hamiltonian describing
the density fluctuations near the gas—liquid critical point are analysed. It is
shown that in spite of the long-range character of the Coulombic potential the
effective interactions appearing at this level of the description have a short-range
character. Consequently, the effective Hamiltonian obtained for the RPM in
the vicinity of the critical point is in the form of the Ginzburg—-Landau—Wilson
Hamiltonian of an Ising-like model in a magnetic field. This confirms the fact
that the critical behaviour of the RPM near the gas—liquid critical point belongs
to the universal class of a 3D Ising model.

1. Introduction

Experimental investigations of the critical properties of electrolyte solutions displayed three
different types of behaviour: Ising-like and mean-field behaviour as well as a crossover
between the two [1—4]. In order to interpret the results, ionic systems were classified as either
solvophobic or Coulombic. In solvophobic systems, Coulombic forces are not supposed to
play a major role; the critical behaviour is that common for fluids and fluid mixtures, i.e.
Ising-like. By contrast, in Coulombic systems the phase separation is driven by electrostatic
interactions. In recent years the critical behaviour of the Coulombic systems has been a
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subject of active research. A theoretical model which demonstrates the phase separation
driven exclusively by Coulombic forces is a restricted primitive model (RPM) [3, 4]. Early
studies [5—7] established that the model has a gas-liquid (GL) phase transition. A reasonable
theoretical description of the GL critical point in the RPM was accomplished at a mean-field
(MF) level using integral equation methods [4, 8] and Debye—Hiickel theory [9]. However,
a systematic theoretical investigation of the criticality of the RPM requires a microscopic
based effective Ginzburg—Landau—Wilson (GLW) Hamiltonian. Although some progress in
this direction has been made [10-13] the GLW functional of the continuous RPM explicitly
related to the microscopic characteristics has not been derived yet.

For the last decade, the GL critical point in the RPM has been much studied by
computer simulation methods [14-26]. While the theory has not provided a clear picture
of thermodynamic behaviour of the model in the critical region, very recent simulation studies
have found strong evidence for an Ising universal class [25, 26].

In this letter we address an issue of criticality in the RPM using the functional
representation of the grand partition function in terms of collective variables (CVs).
Transformation from individual to collective coordinates (the Fourier transforms of the
density fluctuations) is carried out via the corresponding Jacobian. Within the random phase
approximation for the Jacobian one arrives at the Debye—Hiickel approximation for the free
energy [27]. The method of CVs was initially developed in the 1950s for the description of
charged particle systems [28, 29]. The further development [30-33] of the method was related
to the theory of phase transition.

According to the basic idea of universality [34], different systems which are described by
similar effective GLW Hamiltonians (with the same symmetry) demonstrate the same critical
behaviour. Thus, the knowledge of the effective Hamiltonian of the system is important in
determining its critical behaviour. Our purpose here is to derive, from the first principles, the
effective GLW Hamiltonian of the RPM in the vicinity of its GL critical point.

2. Functional representation of the grand partition function

The RPM consists of N = N, + N_ hard spheres of diameter o with N, carrying charges +¢
and N_(=N,) charges —¢, in a medium of dielectric constant D. The interaction potential of
the RPM is as follows:

00 ifr <o
Uys(r) = 4y4s frso qi = *q. (1)
Dr -

We start with the grand partition function for a two-component system (y, 6 = +, —):

N,
- 2y’ B i,
==Y ¥ 13 [anee] -5 2 ¥ ve0n],
N, Z0N_>0y=+—""Y ys ij
where (dI") = ]_[y dly,, dT'y, = dr{ drg . dr}(,y (y = +,—) is an element of the
configurational space of the y th species; z, is the fugacity of the y th species: z, = exp(8 M;,),
M;, = [y + ﬁ’lln[(an},,B’l)”z/lﬁ], i, 1is the chemical potential of the yth species
determined from the equation d In E/98u, = (N, ). For the RPM we have pu, = u_.
Now we present the interaction potential U, s5(r) as a sum of two terms:

Uys(r) = ¥rys(r) + ®y5(r),

where ,5(r) is a potential of a short-range repulsion and ®,;(r) is a long-range attractive
part of the potential. We split the potential U, 5(r) into short- and long-range parts using the
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Weeks—Chandler—Andersen partition [35]:

Vo) o0 ifr <o
r) =
vs 0 ifr > o,
—ql;qa ifr <o
®y50r) =1 7
chact) ifr >o.
Dr

This simple form for ®,5(r) inside the hard core changes the behaviour of the Fourier
transform for large k from the usual Coulombic k=2 to k= decay. As has been shown [36],
this choice of ®,,5(r) forr < o produces a rapid convergence of the series of the perturbation
theory for the free energy. The Fourier transform of ®,5(r) = +¢*/Dr = £®c(r) has the
form
sin x

Br®c(x) =248 n—-, 2

where * = Bq*/Do, B = 1/kgT, n = mpo? /6 is the fraction density, and x = ko.

Within the framework of the approach considered the interaction connected with a
repulsion v, (r) is described in the space of the Cartesian coordinates of the particles. Here,
the hard sphere system with the diameter o is called a reference system (RS). The interaction
connected with a long range potential ®,,5(r) is considered in the CV space. Transformation
from the Cartesian coordinates to the CVs is performed by means of the transition Jacobian.

Using the method of CVs developed for a two-component continuous system [37, 38] we
can rewrite the grand partition function of the RPM in the following way:

== 2 [Worerexp( B — & 3 deier ) 10,00 )
k

Here &y is the grand partition function of the RS. CVs px and ¢y describe total density and
charge density fluctuations, respectively: px = pf — ipg, ck = ¢, — icy; the indices ¢ and s
denote the real and imaginary parts of CVs px and ck. Each of p; (c) and p;, (c}) takes all
the real values from —oo to +o00, and (dp) and (dc) are volume elements of the CV phase
space: (dp) = dpo [y dpg dpg, (de) = deo [ ] deg dey. The unknown parameter ji
(1 = (1.4 + p1.—)/~/2) is determined from the equation 8 In 2, /3811 = (N)/v/2.

For the RPM, the Jacobian of the transition to the CVs averaged over the RS, J(p, ¢), is
of the same form as that for the symmetrical binary fluid [38]:

J(p.c) = f (do) (dy) exp[an > oo+ ) + Y Y D (o, y)}, “
k n=1i,>0
; (—i2m)" =
D (w, y) = — Z M (y, - k) Vi, - Vi, @k, 0 Wk, Ok etk (5)
n! K,
where 90 = 90 //2" and the variable wy () is conjugate to the CV py (ci). Index
in (i, = 0,2,4,...,2n) is used to indicate the number of variables yx in the cumulant
expansion (5). Cumulants 91U~ are expressed as linear combinations of the partial cumulants
M, .., and are given for y;, ..., y, =+, —and n < 4in [33].

In (4) and (5), the cumulants Dﬁfj") with i,, = 0 are connected with the nth structure factors
of the RS. For i, # 0, MM can be expressed in terms of M (see formulae (4.8) in [33]):

mO = (NS, mP=m?.  m®=3m, - 2m”

(©6)
MmO = 15Mm, — 300", + 163
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In general, the dependence of fmfj") (ki, ..., k,) onwavevectorsky, ..., Kk, is too complicated.
Since we are interested in the critical behaviour, the small-k expansion of the cumulant can
be considered. Hereafter we shall replace @Tg'*)(kl, ..., Kk,) by their values in the long-
wavelength limit 919~ (0, ..., 0). Structure factors S, (0, ..., 0) with n > 2 can be obtained
from S, (0) by means of a chain of equations for correlation functions [39].

Let us present J(p, ¢) as

J(p,c) = f (do) (dy) exp[an D (@ + Hecr)

K
(—i2m)? =) =) (i)
e DO ook + I ey + ) Y D@,y |, )
X >3 i, >0
where D" (w, y) has the following form (up to n = 4):
,~ (—i27)? _ _
D@, y) == D (M on om0k, + 3T ok o)
’ ki.ko ks

(—i2m)*

(0
41 Z (fm‘(‘ )wk] Wk, Wk; Wk,

ki,... k4

X Ok, +ky+ks T

(2 (4
+ 691k, @k, Viey Vi, + DTG Vi Vs Vi Vi)t -

In (7) the linear term is eliminated by the shift px = p; + 93(50) Ok (the prime on py is omitted
for clarity). According to (6), 9\ (k) = (N)Sy(k)/2 and M = (N)/2, where S, (k) is a
two-particle structure factor of a one-component hard-sphere system.

3. The effective Hamiltonian of the RPM in the vicinity of the GL critical point

Because 93(;0) (0) is a positive and smooth function in the region under consideration and 93(;2)
is equal to a constant, we can integrate in (7) over wx and yx using the Gaussian density
measures as basic ones. Using the Euler equations we can determine oy (and ) which
provide a maximum for the functional in the exponent of (7):

® P—k * C_x
W, = —————+---, V4 = ——+---. (8)
T _ioram® T _i2am?
This leads to the expression
1
E = BoC f (dp)(de) exp[ag%o 5 (aio)pkpfk +a§2>ckc,k)
Tk
1
+ 5 Z (aéo)/?fkl P—k; P—k; + aéz)pfkl C—k, ka3) Ok, 4k +ks
3!
ki ko k3
1 0 2
+ ol Z (ai )Pfkl P—k, P—k3 O—k4 T af; )Pfkl P—k, C—k3C—kg4
Ky, kg
+ 04(14)0—klc—kzc—k3c—k4> 6k1+---+k4j|s 9)

where superscript i, indicates the number of variables ¢y at a\”). Here

1

1 - 0)
C=]]—=[]—— exp(BuiM), (10)
L] 7y ] e
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and the coefficients a,gi"), taking into account the first terms in (8), can be written as

1 1+22&c)mP
© © @ b
a; = B, a, = 951—50)’ a, = V{);_)Igz) s (11)
= (0) ®
a(o) = ?313 agz) = 3% (12)
3 (méo))?, B mé()) (mg))z
(U] 1 (2) T (4)
o _ My o_ My @ _ My 13
G = =0’ 4 = 02 @ ay =-—o5 13
M, (M, 7)= (M) M)

Letus analyse expression (9). Restricting our consideration to the Gaussian approximation
(neglecting the terms proportional to p*, pc?, etc in the exponent of (9)) we obtain the boundary
of stability with respect to fluctuations of the charge density [40]. The fact that the RPM does
not demonstrate the GL phase instability in this approximation is attributed to the absence of
direct pair interactions of density fluctuations in the model as well as to the neglect of the
effects of non-direct correlations via a charge subsystem at this level. In order to obtain the
GL spinodal curve we should take into consideration the terms of the higher order [13, 40].

Now we follow the programme proposed in [33, 37] for a two-component fluid system.
First, we distinguish the two types of variable: essential variables connected with the order
parameter and non-essential variables. Then, integrating over the non-essential variables with
the Gaussian density measure, we construct the basic density measure (the GLW Hamiltonian)
with respect to the essential variables. For the RPM in the vicinity of the GL critical point
the density variables pk (describing fluctuations of the total number density) turn out to be
essential variables [38]. Thus, we can rewrite (9) (under the condition aéz) > () as follows:

- 1 _ 1
= &y (dp) exp|aipo — '(N) Zagpk,o,k + W
! T !

i 1 _
Z a3p—k1:07kzp—k38k.+kz+k3+W Z as

ki .k ks ki,...kq
X poi, pkzpkspk48k|+"'+k4:|’ (14)
where
a, = a” + Aay, a» =a O (Ny"! (15)

and Aa, are correction terms obtained as the result of integration over CVs ci:

S3 1 - 1 ~ -
Aay = S—ZTZG(q)+WZG(q)G(Iq—kIH---,

655 (16)
A= N) ZG(q)G(|q+k1|)+
M:éSS; 1 > 6@ ke —a)+ -
where
G(g) = % (17)

1 +ﬁ Ldc(q)
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is a charge—charge structure factor of the RPM determined in the Gaussian approximation. It
is worth noting that G(g) is of the same form as the function Gg¢ (k) introduced in [13]. In
the next part we restrict our attention to the GL critical point where G(q) remains a smooth
function.
Now let us consider the coefficient a, in more detail. Expanding this coefficient at small
k one can readily see that the linear term vanishes. Thus, we obtain
Gy = aro + sKPars+ -, (18)
where
iro=al + 23 Gl + g 3 Glg)?
TSN 4 2N) 4 ’
_ 1 - 9°G(q)
arp = —— G .
22= 30 ; (@) o2
It is worth noting that the dependence on k results from the second order of the perturbation
theory in G(gq). Inserting expansion (18) into (14) one arrives at the effective Hamiltonian of
the RPM in the neighbourhood of the GL critical point. The coefficients of the Hamiltonian
are explicitly given in (11)—(13) and (15)—(19). As is seen, the effective interaction that has
appeared in (14) is of a short-range character, and the effective Hamiltonian has a structure
quite similar to the effective Hamiltonian of an Ising model in an external magnetic field.

(19)

4. Conclusions

In this letter we have studied the critical behaviour of the RPM in the vicinity of the GL critical
point. For this purpose the method of CVs with a reference system was used. First we obtain
the functional of the grand partition function given in terms of the two CVs pg and ¢k describing
fluctuations of the total number density and the charge density, respectively. As is known, the
Gaussian approximation of the functional of the grand partition function of simple fluids and
their mixtures produces a qualitative picture of their phase behaviour. In contrast, the full
phase diagram of the RPM cannot be obtained within the framework of this approximation. In
order to describe the GL phase transition, terms of higher order should be taken into account
in the effective Hamiltonian [13, 40]. Actually, the non-direct correlations which are formed
through the mediation of the charge subsystem cause an effective attraction between the ions
which, in turn, leads to the GL phase transition in the RPM.

After the integration over CV ¢i with the Gaussian basic density measure we construct an
effective Hamiltonian in terms of px connected with the order parameter. All the coefficients of
the effective Hamiltonian consist of two parts: the part depending solely on the characteristics
of the RS (through the n-particle structure factors of the RS in the long-wavelength limit) and
the part of mixed type. The latter is in the form of an expansion in terms of the charge—charge
structure factors. Allowance for the charge—charge correlations (through the integration over
CVs ck) leads to the contribution Aa; to the coefficient a, (at the second power of CVs px)
which describes the effective attraction of short-range character.

Finally, the original Hamiltonian is mapped onto the GLW Hamiltonian of an Ising-like
model in a magnetic field. We conclude that the form of the effective Hamiltonian of the RPM
confirms the fact that the critical behaviour of the RPM near the GL critical point belongs to
the universal class of a 3D Ising model. A more comprehensive analysis of the coefficients a,
will be done elsewhere.

Part of this work was supported by the Fundamental Research State Fund of the Ministry of
Education and Science of Ukraine under project no 02.07/00303.



Letter to the Editor L241

References

(1]
(2]
[3]
(4]
[5]
(6]

(7]

(8]

(91
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]

[27]
[28]
[29]
[30]

[31]
[32]
[33]
[34]
[35]
[36]
[37]
[38]
[39]
[40]

Levelt Sengers J M H and Given J A 1993 Mol. Phys. 80 899

Pitzer K S 1995 J. Phys. Chem. 99 13070

Fisher M E 1994 J. Stat. Phys. 75 1

Stell G 1995 J. Stat. Phys. 78 197

Stillinger F H and Lovett R 1968 J. Chem. Phys. 48 3858

Vorontsov-Veliaminov P H, El’yashevich A M, Morgenshtern L A and Chasovshikh V P 1970 Teplofiz. Vys.
Temp. 8 277

Stell G, Wu K C and Larsen B 1976 Phys. Rev. Lett. 37 1369

Zhou Y, Yeh S and Stell G 1995 J. Chem. Phys. 102 5785

Levin Y and Fisher M E 1996 Physica A 225 164

Fisher M E and Lee B P 1996 Phys. Rev. Lett. 77 3561

Brilliantov N V, Bagnuls C and Bervillier C 1998 Phys. Lett. A 245 274

Moreira A G, Telo da Gama M M and Fisher M E 1999 J. Chem. Phys. 110 10058

Ciach A and Stell G 2000 J. Mol. Liq. 87 253

Panagiotopoulos A Z 1992 Fluid Phase Equilib. 76 97

Panagiotopoulos A Z 1994 J. Chem. Phys. 101 1452

Caillol J M 1994 J. Chem. Phys. 100 2161

Caillol J M, Levesque D and Weis J J 1996 Phys. Rev. Lett. 77 4039

Orkoulas G and Panagiotopoulos A Z 1999 J. Chem. Phys. 110 1581

Yan Q and de Pablo J J 1999 J. Chem. Phys. 111 9509

Panagiotopoulos A Z 2002 J. Chem. Phys. 116 3007

Caillol J-M, Levesque D and Weis J-J 2002 J. Chem. Phys. 116 10794

Valleau J and Torrie G 1998 J. Chem. Phys. 108 5169

Camp P J and Patey G N 2001 J. Chem. Phys. 114 399

Luijten E, Fisher M E and Panagiotopoulos A Z 2001 J. Chem. Phys. 114 5468

Luijten E, Fisher M E and Panagiotopoulos A Z 2002 Phys. Rev. Lett. 88 185701

Kim Y C, Fisher M E and Luijten E 2003 Precise simulation of near-critical fluid coexistence Preprint cond-
mat/0304032

Zubarev D N 1954 Dokl. Acad. Nauk SSSR 95 757 (in Russian)

Bohm D and Pines D 1951 Phys. Rev. 82 625

Yukhnovsky I R 1958 Zh. Eksp. Teor. Fiz. 34 379 (in Russian)

Yukhnovskii I R 1987 Phase Transitions of the Second Order: Collective Variables Method (Singapore: World
Scientific) p 327

Yukhnovskii I R 1992 Proceedings of the Steclov Institute of Mathematics vol 2, p 223

Patsagan O V and Yukhnovskii I R 1990 Sov. Theor. Math. Phys. 83 387

Yukhnovskii I R and Patsahan O V 1995 J. Stat. Phys. 81 647

Kadanoff L P 1966 Physics 2 263

Weeks J D, Chandler D and Andersen H C 1971 J. Chem. Phys. 54 5237

Chandler D and Andersen H C 1971 J. Chem. Phys. 54 26

Patsahan O V 1999 Physica A 272 358

Patsahan O V, Kozlovskii M P and Melnyk R S 2000 J. Phys.: Condens. Matter 12 1595

Stell G 1964 The Equilibrium Theory of Classical Fluids ed H Frisch and J Lebowitz (New York: Benjamin)

Patsahan O V 2004 Condens. Matter Phys. 7 35



